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Abstract

The transient cooling of a fluid initially at rest inside a vertical cylinder submitted to heat losses through the walls is studied. The study
is restricted to laminar flow conditions. In order to identify the relevant non-dimensional groups that define the unsteady natural convection
phenomenon that occurs, a non-dimensional analysis is carried out. The long-term behaviour of the fluid is modelled by formulating a prediction
model based on global balances. A parametric study by means of several multidimensional numerical simulations led to correlate the Nusselt
number and the transient mean fluid temperature, in order to feed the global model proposed. Special attention is given to the appropriateness of
the spatial and time discretisation adopted, the verification of the numerical solutions and the post-processing tasks carried out in order to obtain
the correlations. The most relevant particularities of the numerical model developed are also pointed out.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The performance of thermal energy storage tanks is signif-
icantly affected by the natural convection and associated heat
transfer during charging and discharging phases, but also dur-
ing their static mode of operation, where the heat exchange with
the surroundings is the main mechanism of fluid movement in-
side the tank. Thus, an effective optimisation of these devices
requires an extensive knowledge of the heat transfer mechanism
between the fluid and the environment.

Due to its importance for many practical applications such
as HVAC, thermal energy storage, among others; the transient
process of cooling (or heating) a fluid inside an enclosure un-
der natural convection, has been widely treated in the literature.
However, most of the studies conducted have been focused on
rectangular enclosures with imposed vertical wall temperatures
on steady state situations [1–4] or considering the transient re-
sponse of the fluid [5–7].
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On the other hand, cylindrical geometries have received less
attention. Among the earlier studies, the work conducted by
Hyun [8] can be cited. He studied the transient mechanism of
heat-up a fluid inside a cylinder initially at rest, submitted to a
linear temperature gradient at the side wall. Raithby and Hol-
lands [9] in their review cited the experimental studies carried
out by Evans and Stefany about the transient response of flu-
ids inside vertical and horizontal enclosures following a step
change in wall temperature. These authors correlated the em-
pirical data obtained in the quasi-steady regime to a single ex-
pression of the Nusselt number as a function of the Rayleigh
number. Cotter and Charles [10,11], in two papers, studied the
transient natural convection of crude oil in a large vertical cylin-
der, presenting results of the time dependence of the Nusselt
number and fluid temperature for several oil viscosities and as-
pect ratios.

More recently, Lin and Armfield [12] studied the transient
response of the fluid in a vertical cylinder after a step change
in the temperature wall until the stratification stage is reached.
After this study, these authors [13] analysed the long-term be-
haviour of the cooling process in a vertical cylinder with fixed
walls temperatures.
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Nomenclature

cp specific heat at constant pressure . . . . . J kg−1 K−1

D tank internal diameter . . . . . . . . . . . . . . . . . . . . . . . m
Gr Grashof number, Gr = gβ�T LrefL

3
ref/ν

2

H tank internal height . . . . . . . . . . . . . . . . . . . . . . . . . . m
h fluid global superficial heat transfer

coefficient . . . . . . . . . . . . . . . . . . . . . . . . . W m−2 K−1

hext external superficial heat transfer
coefficient . . . . . . . . . . . . . . . . . . . . . . . . . W m−2 K−1

k thermal conductivity . . . . . . . . . . . . . . . W m−1 K−1

Lref reference length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Nu average Nusselt number, Eq. (14)
nr number of control volumes in radial direction
nz number of control volumes in axial direction
Pr Prandtl number, Pr = ν/α

pd dynamic pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
p∗

d non-dimensional dynamic pressure, p∗ = pd/ρv2
ref

Q̇loss instantaneous heat losses . . . . . . . . . . . . . . . . . . . . W
−→̇
q heat flux vector . . . . . . . . . . . . . . . . . . . . . . . . W m−2

Ra Rayleigh number, Ra = gβ�TrefL
3
ref/να

r∗ non-dimensional radial distance, r∗ = r/Lref

S inner area of the tank . . . . . . . . . . . . . . . . . . . . . . . m2

T0 initial temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T fluid temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T mean fluid temperature . . . . . . . . . . . . . . . . . . . . . . K
T w mean wall temperature . . . . . . . . . . . . . . . . . . . . . . . K

Tenv ambient temperature . . . . . . . . . . . . . . . . . . . . . . . . . K
Tref reference temperature, Tref = (T0 + Tenv)/2 . . . . K
�Tref reference temperature difference,

�Tref = T0 − Tenv . . . . . . . . . . . . . . . . . . . . . . . . . . . K
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
�t time increment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
U overall heat transfer coefficient . . . . . . W m−2 K−1

Û non-dimensional overall heat transfer coefficient,
Û = UH/k

−→v velocity vector . . . . . . . . . . . . . . . . . . . . . . . . . . m s−1
−→
v∗ non-dimensional velocity vector, −→v ∗ = −→v /vref
vref reference velocity, vref = α/Lref . . . . . . . . . . m s−1

z∗ non-dimensional z-coordinate, z∗ = z/Lref

Greek letters

α thermal diffusivity . . . . . . . . . . . . . . . . . . . . . . m2 s−1

δins insulation thickness . . . . . . . . . . . . . . . . . . . . . . . . . m
δt wall thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
ε relative error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . %
ν kinematic viscosity . . . . . . . . . . . . . . . . . . . . . m2 s−1

∂Ω surface which enclosed the volume Ω . . . . . . . . m2

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

τ non-dimensional time, τ = tvref/Lref
Θ non-dimensional temperature,

Θ = (T − Tenv)/�Tref
Ω volume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3
Oliveski et al. [14] investigated the cooling of a vertical stor-
age tank considering both the tank and insulation material. They
considered different aspect ratios, insulation thicknesses for
two different tank volumes and correlated the Nusselt number
to the aspect ratio, the mean fluid temperature and the overall
heat transfer coefficient for each tank volume studied. Although
the correlations obtained by [14] can be very useful, it is diffi-
cult to extrapolate their results to other situations than those
exposed in their work. The lack of a non-dimensional analysis
together with the fact that the correlations proposed were writ-
ten as a function of dimensional parameters limit their range of
application to the specific cases studied.

Papanicolaou and Belessiotis [15] analysed numerically the
natural convection in a vertical cylinder with an imposed con-
stant heat flux in its lateral surface. They considered lami-
nar and turbulent regimes, also comparing their numerical re-
sults for the transient temperature in the core of the cylinder
with an analytical expression given in the literature. Recently,
Fernandez-Seara et al. [16] carried out experimental tests to
study the static heating and cooling periods of an electrical hot
water storage tank, characterising its thermal performance and
degree of stratification.

The study of the unsteady behaviour of the fluid is not only
of interest as a heat transfer and fluid dynamic problem, but
also as a practical situation. For example, in the long-term anal-
ysis of solar domestic hot water systems, storage tanks play an
active role, as they are an active part of those systems, whose
thermal performance is affected by the transient response of the
tank. Furthermore, the static mode of operation in such systems,
can represent in some cases more than 12 h per day, being an
important fraction of the time in long-term operation of solar
installations.

Considering this and the scarce information available in the
literature on this phenomena, the aim of this work is to inves-
tigate by means of numerical CFD simulations, the unsteady
natural convection inside a vertical storage tank submitted to
heat losses to the environment through top, bottom and lateral
walls. The behaviour of the fluid has been characterised and a
global model has been presented. In order to obtain the main
coefficients needed for these kinds of global models, a non-
dimensional analysis has been performed. From this analysis,
the relevant non-dimensional groups that define the problem
have been identified. A scaling relation to correlate the non-
dimensional heat transfer coefficient to the relevant parameters
has been proposed. As far as the authors know, there are no
available correlations in the literature, such as those proposed,
for evaluating the transient heat transfer coefficient inside cylin-
drical cavities in order to characterise heat losses through the
top, bottom and lateral composite walls. In addition, the para-
metric study carried out has been selected in order to cover a
wide range of working conditions for small storage tanks used
in domestic hot water systems.



710 I. Rodríguez et al. / International Journal of Thermal Sciences 48 (2009) 708–721
(a) (b)

Fig. 1. (a) Scheme of the geometry of the storage tank under study. (b) Computational domain.
2. Problem definition

In an attempt to investigate the transient phenomena that
takes place during the cooling-down of vertical hot water stor-
age tanks used for solar domestic hot water systems, different
parameters and working conditions have been studied. For the
parametric study, the working conditions of small storage tanks
for domestic hot water applications have been considered. In
this range, most used storage tanks have tank volumes up to
0.4 m3 with aspect ratios within 1.5 � H/D � 3.5.

In this study, composite walls of stainless steel of 3 mm thick
and fibre glass thermal insulation thickness varying within the
range 0 � δins � 0.04 m have been considered. These values
cover most of the aspect ratios and insulation thicknesses used
in commercial storage tanks. A scheme of the vertical cylindri-
cal storage tank is shown in Fig. 1(a).

The fluid has experienced a cooling process due to a temper-
ature gradient between the fluid and the ambient. Taking into
account that the service water temperature in domestic hot wa-
ter applications is around 60 ◦C, initial temperature of the tank,
including solid walls and insulation material, has been consid-
ered in the range of 40 � T0 � 70 ◦C. Ambient temperature has
been fixed to Tenv = 20 ◦C during the whole cooling process.

For the situation under study, it can be considered that there
are not significant variations between the external heat trans-
fer coefficient on the lateral and on the top wall. Furthermore,
taking into account that most of commercial storage tanks are
supported by feet or suspended from the vertical wall, it can
also be assumed that the external convection heat transfer coef-
ficient on the bottom wall is the same that on the top and lateral
walls. Thus, external heat transfer coefficient on the walls has
been set to hext= 10 W/m2 K. This value is in correspondence
with similar situations described by others authors [10,11,14].
Moreover, aiming a generalisation of the problem, a limiting
lower value of hext = 2 W/m2 K has also been set.
For the specified conditions the flow is assumed laminar.
A detailed discussion is given in Section 3.1.

3. Mathematical model, numerical simulation and
verification process

In this section the mathematical model used for the numeri-
cal simulation of the problem described above is presented. The
post-processing tasks carried out in order to select an appropri-
ate spacial and temporal discretisation are also described.

3.1. Mathematical model

The fluid flow and heat transfer phenomena involved in the
transient natural convection inside a storage tank is governed
by the continuity, momentum and energy conservation equa-
tions. Concerning to the fluid regime, there is a lack of infor-
mation, e.g., critical Rayleigh number, to be used as evidence
under realistic situations. However, among the studies carried
out under similar working conditions as those described in the
previous section, the work conducted by Oliveski et al. [14] can
be cited. They studied experimental and numerically the lami-
nar convection in storage tanks submitted to heat losses to the
environment. In their study, experimental data were well repro-
duced by the numerical results obtained. Storage tanks param-
eters studied (tank volumes, aspect ratios, initial temperature,
insulation thickness, etc.) were within the range of parameters
considered in the present work. In addition, Papanicolaou and
Belessiotis [15], studied the transient heating of a fluid by an
imposed heat flux on the sidewall for Rayleigh numbers be-
tween 1010 � Ra � 1015. They have found that laminar regime
can be obtained for Rayleigh numbers up to Ra = 1013 while
turbulent flow should be expected for Ra � 5 ·1013. Taking into
account the range of parameters of the present work and the
aforementioned results, the hypothesis of laminar flow has been
considered.
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In the formulation presented, it has also been assumed a
Newtonian fluid behaviour, constant physical properties except
density variations in the buoyancy terms of the momentum
equations (Boussinesq approximation), viscous dissipation neg-
ligible, and non-participant radiating medium. Thus, the gov-
erning equations can be written as follows:

∇ · →
v = 0 (1)

∂
→
v

∂t
+ →

v · ∇→
v = − 1

ρ
∇pd + 1

ρ
∇ · →

τ − →
g β(T − T0) (2)

∂T

∂t
+ →

v · ∇T = α∇2T (3)

The computational domain considered includes the fluid in-
side the storage, the tank walls and the insulation material.
In the energy equation, the external ambient temperature and
the superficial heat transfer coefficient have been imposed on
the vertical, top and bottom walls, neglecting the radiation
heat transfer between the tank and the ambient. At t = 0, the
whole domain has been set to an initial temperature value of
T = T0.

3.2. Numerical approach

The governing equations together with the boundary con-
ditions have been integrated over the whole domain (fluid,
solid walls and insulation material) by means of finite-volume
techniques with fully implicit first order temporal differenti-
ation, using cylindrical staggered grids. Diffusive terms have
been evaluated using a second order central differences scheme,
while convective terms have been approximated by means of
the high order SMART scheme [17] using a deferred correc-
tion approach. The SIMPLEC algorithm has been used to solve
the coupling between pressure and velocity fields [18]. The al-
gebraic system of linear equations resulting for each variable
have been solved by using a Multigrid method [19].

Due to the symmetry of the situation presented in Section 2,
the computational domain selected is axisymmetric. Consid-
ering the fluid structure and with the objective of describing
the boundary layer near the walls (where the temperature and
velocity gradients are the largest), it has been necessary to con-
centrate the mesh at the interface between the fluid and the solid
wall by means of a tanh-like distribution. The computational
domain for the fluid has been discretised into non-uniform
meshes of nrxnz control volumes (CV) with a concentration
factor of 2 in the zones near the interface between liquid and
solid (i.e. near the tank walls), while for the solid domain (tank
wall and insulation material) regular meshes have been used. In
Fig. 1(b), the computational grid for one of the cases consid-
ered (H/D = 2) is shown (mesh concentration near the walls is
indicated with black triangles).

Regarding the criteria to stop transient simulation, as the
time needed to cool down the fluid inside the tank, i.e. to reach
the ambient temperature, it is theoretically infinite, transient
simulation have been finished once the mean temperature of
the fluid has reached a value of Θ̄ � 0.10. On the other hand,
for each time step, the iterative procedure has been truncated
Table 1
Definition of the relevant parameters for the verification process

Case H/D

[–]
Ra
[–]

Û

[–]
T0
[◦C]

hext
[W/m2 K]

δins
[m]

Ω

[m3]

v1 1 7.132 × 1011 11.594 60 10 0.02 0.3
v2 2 2.394 × 1012 5.178 60 10 0.01 0.3
v3 3 5.387 × 1012 24.23 60 10 0 0.3
v4 3.45 7.142 × 1012 3.594 60 2 0.01 0.3

once the non-dimensional variables increments and residuals
have been lower than 10−5%, and once the relative incre-
ments of the computed mean Nusselt number has been below
10−7%.

3.3. Code and numerical solutions verification

With the objective of obtaining reliable solutions, it is im-
portant to submit the code and numerical solutions to a process
of verification. The verification of the code accounts for the
identification of possible programming errors, while the ver-
ification of numerical solutions is concerned with the quan-
tification of errors due to computational sources (spacial and
temporal discretisation, convergence, etc.). In the process of
code verification, the code used in the numerical simulations
has been verified by using different techniques such as to sub-
mit the code to different problems with known analytical solu-
tions, comparison with well-known benchmark cases reported
in the literature and, also by the Method of Manufactured So-
lutions (MMS) [20], which is based in generate an analytical
solution that exercises all the terms in the governing equations.
The main tasks carried out during the process of the verifica-
tion of the code used in the present work can be found in detail
in [21,22].

Regarding to numerical solutions verification, numerical so-
lutions presented have been obtained adopting an h-refinement
criteria. Fixing numerical schemes, verification of the results
account for the influence of the mesh spacing and the time
increment on these numerical results. The parametric study car-
ried out in the present work accounts for a determined num-
ber of computations. The post-processing verification presented
here compresses four of these computations, one for each as-
pect ratio considered. These cases have been considered rep-
resentative of all the others. The main parameters of each of
these cases are given in Table 1. Notice that together with the
non-dimensional relevant groups, the dimensional parameters
(insulation thickness, tank volume, initial temperature, external
heat transfer coefficient) are also given. These verification cases
are hereafter denoted as case v1, case v2, case v3 and case v4.

For each of these computations, the mesh has been refined
using 4 levels on the h-refinement criteria with a ratio of 2 (in
each computational level, denoted with letter ‘m’, the mesh has
been doubled, see Table 2). The criteria of refinement adopted,
considers the fluid and the solid domains independently, as
shown in the table. Moreover, the simulation time has also been
discretised in time steps of 0.25, 0.5, 1.0 and 2.0 s.

Concerning the temporal discretisation, case v2 has been se-
lected for the third level of spacial discretisation according to
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Table 2
Number of CV in the h-refinement procedure for each aspect ratio including the
fluid and solid walls nr × nz = (nf + nt + nins) × (nf + nt + nins)

H/D

1 2

m1 (23 + 1 + 2) × (23 + 2 + 4) (18 + 1 + 2) × (36 + 2 + 4)

m2 (46 + 2 + 4) × (46 + 4 + 8) (36 + 2 + 4) × (72 + 4 + 8)

m3 (92 + 4 + 8) × (92 + 8 + 16) (72 + 4 + 8) × (144 + 8 + 16)

m4 (184 + 8 + 16) × (184 + 16 + 32) (144 + 8 + 16) × (288 + 16 + 32)

H/D

3 3.45

m1 (16 + 1 + 2) × (48 + 2 + 4) (15 + 1 + 2) × (53 + 2 + 4)

m2 (32 + 2 + 4) × (96 + 4 + 8) (30 + 2 + 4) × (105 + 4 + 8)

m3 (64 + 4 + 8) × (192 + 8 + 16) (60 + 4 + 8) × (210 + 8 + 16)

m4 (128 + 8 + 16) × (384 + 16 + 32) (120 + 8 + 16) × (420 + 16 + 32)

Table 2. The case has been solved up to 7200 s using the differ-
ent time steps indicated above. For time steps of �t = 1 s and
�t = 2 s convergence has been reached after a high number of
outer iterations. During the first instants of the cooling process
(up to 900 s), the iterative process has required more than 200
iterations for �t = 1 s. Furthermore, for the highest time step
(�t = 2 s) the convergence has been totally unstable, and in
most time steps the convergence criteria has not been attained
after 300 iterations. Although this number decreases with the
development of the fluid stratification, it still has required more
than 50 iterations to achieve convergence criteria imposed at
each time step. For the smallest �t , the number of outer it-
erations required has always been below 20 even for the first
instants, being around 8 and 12 for �t = 0.25 s and �t = 0.5 s,
respectively. For the smallest time steps, discrepancies between
solutions obtained have not been noticeable. As the time to cool
down the storage could be very large, depending on the situa-
tion under study, a high number of time increments to solve it is
required. Considering the total number of time increments to be
solved and the number of outer iterations per each one needed
to reach convergence, a temporal discretisation of �t = 0.5 s
has been adopted.

The influence of the mesh spacing has been analysed by fix-
ing the time step to �t = 0.5 s. Thus, simulations have been
performed following the h-refinement criteria on the four cases
selected. These cases have been solved up to 7200 s. In Fig. 2
the temperature profiles near the boundary layer obtained with
the different levels of refinement at selected tank heights and
two time increments for the case v3 are shown. As can be seen,
there are no noticeable differences between level of refinement
m3 and m4. In Table 3 comparisons between the different levels
of refinement for the average Nusselt number at different time
instants are given. For the brevity of the manuscript, all the re-
sults obtained for the verification cases are not shown. Thus in
the table the results correspond only to case v2 and case v4.
In general, all cases exhibit the same trend. Thus, these results
have been considered representative of the verification process
performed. Major discrepancies have been observed for the first
instants, where the formation of the boundary layer takes place.
However, relative errors of the variables at the initial instants,
between level of refinement m3 and m4 have been below 1%.
(a)

(b)

Fig. 2. Fluid temperature profiles at different heights with different levels of
refinement for case v3: dotted line (m1), dash-dotted line (m2), dashed line
(m3), and solid line (m4) (a) at 3600 s and (b) at 7200 s.

Table 3
Verification. Average Nusselt number at different instants. Comparison between
levels of refinement

case v2

t = 900 s t = 1800 s t = 3600 s t = 7200 s

Nu ε [%] Nu ε [%] Nu ε [%] Nu ε [%]

m1 281.864 1.91 268.349 1.10 240.376 1.91 219.482 0.50
m2 293.618 2.20 269.231 1.43 241.881 0.85 220.169 0.81
m3 286.942 0.15 267.884 0.92 243.298 0.68 217.964 0.16
m4 287.373 – 265.428 – 244.956 – 218.393 –

case v4

t = 900 s t = 1800 s t = 3600 s t = 7200 s

Nu ε [%] Nu ε [%] Nu ε [%] Nu ε [%]

m1 366.679 3.81 368.281 1.93 357.577 2.25 242.082 2.94
m2 378.163 0.79 373.907 0.43 361.461 1.18 330.850 0.43
m3 379.700 0.39 374.117 0.37 363.071 0.74 333.746 0.44
m4 381.184 – 375.520 – 365.789 – 332.299 –

As time goes by, differences between the levels of refinement
tend to level out. It has been found that the third level of dis-
cretisation (grids denoted as m3 in Table 2) provides a good
compromise between the computational time to simulate the
whole cooling process of the tank and the accuracy of the re-
sults. Taking into account the analysis performed, the results
presented in this work have been obtained with the third level
of refinement (m3).
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Fig. 3. Transient evolution of the fluid inside the storage tank. Temperature contours. τ = 2.6 · 10−5 to τ = 1.1 · 10−4. Ra = 5.986 · 1011, H/D = 1, and U∗ = 11.6.
3.4. Physical analysis of the fluid structure

The transient natural convection phenomena taking place
inside the storage tank is illustrated in Figs. 3 to 6. In these
figures, the transient evolution of temperature contours and ve-
locity vectors at different instants of the cooling process, for
one of the cases analysed, are shown. The case illustrated in
the figures is defined by Ω = 0.3 m3, T0 = 60 ◦C, H/D = 1,
δins = 0 m and h = 10 W/m2 K. In all figures, variables are
given in non-dimensional form (see definition in nomencla-
ture).

In Fig. 3 it is shown how at the first instants, when the
transient convection starts, the thermal boundary layer devel-
ops rapidly on the vertical wall (τ = 2.6 · 10−5). The cooled
fluid near the wall travels down and moves along the bottom
wall forming waves that advance toward the center of the tank.
These waves of cooled fluid interact continuously with the fluid
in the core. When the perturbation arrives to the center of the
tank, it forms an upward crest (τ = 3.5 · 10−5) and then turns
back to the vertical wall. At this point, this reverse wave inter-
acts with newly formed waves of cooled fluid descending along
the vertical wall (τ = 5.2 ·10−5). This process is well illustrated
in Fig. 4, where velocity vectors are shown. In addition, the fig-
ure shows how convective cells are continuously formed at the
top wall and transported to the core of the tank.
This movement of the cold fluid in the bottom of the tank,
back and forth like a wave motion, interacting with the sur-
rounding fluid and the cold stream descending on the sidewall,
until it dissipates, continues for just a few instants. The cold
stream travelling down and flowing on the bottom, tends to in-
crease its temperature due to the continuous mixing with the
fluid in the bottom region. These fluid intrusions evolve into
the formation of stratification of the fluid inside the tank (see
τ = 6.1 · 10−5 to τ = 1.1 · 10−4 in Figs. 3 and 4). In Fig. 4 it is
clearly shown how as the fluid became stratified in the bottom
zone, fluid vortices are displaced from the bottom to the central
regions.

As the interaction between the cooled fluid on the side-
wall and the fluid in the core continues, the stratification of
the fluid temperatures advances from the bottom to the top
(τ = 2.6 · 10−4 to τ = 2.8 · 10−3). The fluid stagnation re-
gion increase its size while the fluid movement is limited to the
upper part of the tank (see Fig. 6). As time marches, thermal
stratification continues at a progressive reduced rate due to the
decreasing of driving buoyancy forces until it approaches to a
quasi-steady regime (Fig. 5). Similar quasi-steady regimes have
been reported before in the literature [12,15]. However in those
studies, the top and bottom walls were considered adiabatic.
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Fig. 4. Transient evolution of the fluid inside the storage tank. Velocity vectors. τ = 2.6 · 10−5 to τ = 1.1 · 10−4. Ra = 5.986 · 1011, H/D = 1, and U∗ = 11.6.
For the case illustrated as an example of the transient evo-
lution of the fluid, this transition occurs around τ = 2.8 · 10−3.
When the fluid reach the quasi-steady regime, three regions are
clearly formed. A region of stratified fluid at most of 25% of
the bottom part of the tank with a steep temperature gradient.
A mixed region in the upper part of the tank, with 25% of the
tank volume approximately and, a wide transition region be-
tween the stratified and mixed fluid. The mixed zone in the
upper region of the tank was not reported in previous studies, as
the bottom and top walls were adiabatic, and heat transfer was
taking place only on the vertical wall. In the present study, as
the top of the tank is not adiabatic, the heat transfer on the top
wall continues during the whole cooling process, promoting the
mixing of the fluid in that zone.

The quasi-steady regime remains until the fluid inside the
storage is completely cooled (τ = 3.1 · 10−3 to τ = 5.2 · 10−2),
representing about 94% of the cooling process.

4. Evaluation of the global heat transfer coefficient

Taking into account the global model presented in the next
section (see Section 5), the tasks carried out to obtain the global
heat transfer coefficient between the fluid and the inner tank
walls are hereafter outlined.
4.1. Non-dimensional analysis

The governing equations have been non-dimensionalised
by substituting: r = Lrefr

∗, z = Lrefz
∗, t = Lrefτ/vref,

−→v =
vref

−→v ∗, pd = ρv2
refp

∗
d and T = Tenv + �TrefΘ . The character-

istic dimension of the body, reference velocity and temperature
assumed have been Lref = H , vref = α/Lref, �Tref = T0 − Tenv
and Tref = (T0 + Tenv)/2. Thus, governing equations in their
non-dimensional form can be written as:

∇ · −→v ∗ = 0 (4)
D−→v ∗

Dτ
= −∇p∗

d + Pr∇2−→v ∗ − RaPrΘ (5)

DΘ

Dτ
= ∇2Θ (6)

Considering the symmetry of the geometry and bound-
ary conditions, the domain has been assumed axisymmetric.
For this situation, boundary and initial conditions in non-
dimensional form have been defined as follows:

Initial conditions:
−→v ∗ = 0, Θ = Θ0 (7)

At the cylinder axis:

v∗
r = 0,

∂v∗
z = 0,

∂Θ = 0 (8)

∂r∗ ∂r∗
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Fig. 5. Transient evolution of the fluid inside the tank. Temperature contours. τ = 2.6 · 10−4 to τ = 5.2 · 10−2. Ra = 5.986 · 1011, H/D = 1, and U∗ = 11.6.
At the lateral wall:

− ∂Θ

∂r∗ = hextH

kins
Θ (9)

At the top and bottom walls:

− ∂Θ

∂z∗ = hextH

kins
Θ (10)

With the aim of identifying the relevant non-dimensional
groups that govern the behaviour of the fluid, boundary con-
ditions for the fluid are defined as:

At the lateral walls:

−→v ∗ = 0 , − ∂Θ

∂r∗ = UH

k

(
Θ + 1

2

)
(11)

At the top and bottom walls:

−→v ∗ = 0 , − ∂Θ

∂z∗ = UH

k

(
Θ + 1

2

)
(12)

In the above formulation, it has been assumed that the
heat transfer through the walls and insulation material is one-
dimensional and normal to the wall surfaces. Furthermore, con-
sidering the situations described in Section 2, it can also be
assumed that these coefficients are nearly the same on the top,
bottom and lateral walls (i.e. UB � UT � UH � U ). From the
boundary conditions for the fluid, two non-dimensional groups
appear: the aspect ratio (H/D) and a dimensionless group re-
ferred to the overall heat transfer coefficient (Û = UH/k).
Thus, considering governing equations and boundary condi-
tions for the problem analysed, the fluid temperature inside the
store depends on the following non-dimensional groups:

Θ = f (−→r ∗, τ,Ra, Û ,H/D,Pr) (13)

On the other hand, the dimensionless heat transfer coefficient,
i.e. the Nusselt number, can be defined as:

Nu = hH

k
= 1

(Θ − Θw)S

∫
∂Ω

(
∂Θ

∂n

)
dS (14)

The Nusselt number is a function of the non-dimensional fluid
and wall temperatures. Thus, considering the dependence of the
temperature with the relevant non-dimensional groups identi-
fied, in a general sense, the Nusselt number can be expressed as
a function of those parameters as:

Nu = f (τ,Ra, Û ,H/D,Pr) (15)

4.2. Parametric study

In order to find the relation between the Nusselt number with
the relevant non-dimensional groups that characterise the un-
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Fig. 6. Transient evolution of the fluid inside the storage tank. Velocity vectors. τ = 2.6 · 10−4 to τ = 5.2 · 10−2. Ra = 5.986 · 1011, H/D = 1, and U∗ = 11.6.
steady natural convection inside the tank, a parametric study
has been carried out by means of the resolution of detailed nu-
merical simulations.

The study has accounted for the variation of the different
relevant non-dimensional groups, i.e. Ra, H/D, Û . As govern-
ing equations (Eqs. (1)–(3)) have been solved in dimensional
form, these parameters have been defined from the dimensional
problem parameters (the insulation thickness δins, the initial
fluid temperature T0, the ambient temperature Tenv, the tank
volume Ω , etc.). Therefore, values for each parameter have
been considered within the ranges defined in Section 2. Four
different values for the aspect ratio H/D = 1,2,3,3.45; six
values for the initial temperature T0 = 40,50,55,60,65,70 ◦C;
four for the insulation thickness δins = 0,0.01,0.02,0.04 m;
four for the tank volume Ω = 0.1,0.2,0.3,0.4 m3 and two
for the external heat transfer coefficient hext = 2,10 W/m2 K
have been used. Ambient temperature in all situations has been
set to Tenv = 20 ◦C. These account for 4.8 · 1011 � Ra � 1013,
1 � H/D � 3.45 and 0.78 � Û � 26.6.

Taking into account that the total amount of cases consid-
ered for the parametric study equals 768, and that in terms of
computational effort the resolution of the transient cooling pro-
cess of all cases could be very costly, a further selection has
been performed. First, for a fixed tank volume Ω = 0.3 m3 and
initial temperature T0 = 60 ◦C, all other situations have been
considered (i.e. a total of 32 cases considering four aspect ra-
tios, four insulation thickness and two external heat transfer).
After that, for the aspect ratio of H/D = 3.45, initial temper-
ature of T0 = 60 ◦C and insulation thickness of δins = 0.01 m,
four tank volumes have been considered. Thus, fixing the insu-
lation thickness to δins = 0.02 m, the tank volume Ω = 0.3 m3

and the external heat transfer coefficient hext = 10 W/m2 K,
seven initial temperatures have been investigated. These have
resulted in a total number of 42 situations for the transient nu-
merical simulation of the cooling process of the tank.

4.3. Development of correlations

4.4. The average heat transfer coefficient

According to the non-dimensional analysis carried out in
Section 4.1, the Nusselt number (Nu) can be expressed in terms
of the non-dimensional groups τ , Ra, H/D, Û and Pr. In the
present work, as the working fluid is water, the dependence with
the Prandtl number (Pr) in the studied range of relevant pa-
rameters has been implicitly considered. This treatment can be
assumed because in the working range studied, the fluid prop-
erties vary slightly with the temperature, being these variations
within the Rayleigh number (Ra = Gr · Pr). There are some
works in the literature that validate this treatment [5,13]. The
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first [5], studied the unsteady convection of a flow inside a rect-
angular cavity for different Ra and Pr numbers, concluding that
for steady situations Nu proved to be independent of Pr num-
ber. The latter [13], studied the influence of Pr number among
other parameters on the cooling process of a fluid in a cylin-
drical enclosure after a step change in the vertical and bottom
walls temperature. In their study, they considered a range of
1 � Pr � 1000, finding no dependence of the transient temper-
ature and the Nu number on Pr for the sidewall, while no signif-
icant influence of this parameter on Nu at the bottom wall was
found. They also concluded that, despite this weak Pr depen-
dence on the bottom wall, the overall heat transfer rate (bottom
plus sidewalls) is not affected by this dependence, as the cool-
ing process is dominated by sidewall heat transfer. However,
the validity of this treatment for the range of parameters con-
sidered in the present study, i.e. neglect the influence of the Pr
number on the mean Nusselt number Nu, is commented further.

Taking into account the aforementioned hypothesis and the
non-dimensional analysis done, the following dependence for
Nu with the relevant parameters identified has been proposed:

Nu = C1τ
C2RaC3ÛC4(H/D)C5 (16)

The data set from the several computations carried out has been
fitted to the above scaling relation proposed for the Nusselt
number. In order to find the values of the constants, the fitting
process of all data has been performed by means of the GNU
Regression, Econometrics and Time-series Library (gretl) [23].
This library offers a full range of least-squares based estimators,
including two-stage least squares and nonlinear least squares
data fit, among other possibilities. The actual fitting process has
been carried out using the Levenberg–Marquardt algorithm [24]
implemented in this library. This method provides the solution
to the non-linear function, minimising the sum of the squares of
the deviations. From the curve-fitting, the constants in Eq. (16)
have arisen:

Nu = 4.5851τ−0.1686Ra0.0686(H/D)0.5304Û0.1981 (17)

Scaling relation (17) has shown a good agreement with all the
data set, as can be observed in Fig. 7(a), with a goodness of
the fit of R2 = 0.994 and a standard deviation of the residu-
als of 5.171. In the figure, data from numerical results and the
correlated ones have been arranged in order to plot the data as
a function of the non-dimensional time (τ ). In Fig. 7(b), the
relative errors between the fitted data and results from the cor-
relation are also shown. The maximum relative error has been
found below 12%, and the average relative error in the order of
2.7%. Major discrepancies have been obtained for large values
of the non-dimensional time. These values correspond to the
cases with the largest cooling time (lowest H/D and highest
Û ), which are in the limits of the studied range, and the number
of samples to be correlated were only a few.

Fig. 8 shows the data obtained from the detailed numerical
simulations as a function of the non-dimensional time for dif-
ferent Pr in the range of study. The data has been arranged by
using the scaling relations for Ra, Û and H/D non-dimensional
numbers. As can be observed, there is no dependence of the
mean Nu number on Pr. The six curves corresponding to each
(a)

(b)

Fig. 7. Results from the curve fitting. Nusselt number. (a) Comparison between
fitted data and correlated one. (b) Relative errors between raw data and corre-
lated results with Eq. (17).

Fig. 8. Results of the curve fitting. Influence of the Pr number in the average
Nusselt number, Nu.

Pr considered collapse into the same curve. Taking into account
these results, the hypothesis of neglecting the influence of Pr on
the Nusselt number can be assumed, at least within the range
3.83 � Pr � 5.61.

4.5. The transient temperature distribution

Alternatively to the resolution of the differential equation for
the global balance (Eq. (22)), in the present analysis the mean
fluid temperature has been approximated to the following rela-
tion:

Θ = exp
(
C6τRaC7ÛC8(H/D)C9

)
(18)
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(a)

(b)

Fig. 9. Non-dimensional transient mean fluid temperature. (a) Comparison be-
tween numerical and correlated results. (b) Relative errors between raw data
and Eq. (19).

Following the same procedure as for the average Nusselt num-
ber, the mean fluid temperature inside the tank obtained from
the numerical simulations has been adjusted. Results of the
curve fitting gives:

Θ = exp
(−7.506τRa−0.0084H/D0.8150Û0.9587) (19)

In Fig. 9(a), the raw data with results of the correlation (19)
are compared, while in Fig. 9(b) the relative error between nu-
merical results and values from the correlation are plotted. As
can be observed in both figures, all data correlates quite well,
with a goodness of the fit of R2 = 0.9996 and a standard devi-
ation of the residuals of 0.00449. The maximum relative error
obtained has been less than 6.8%, and the mean relative error
around 1.23%.

5. Global thermodynamic model

The aim of the study is to characterise the transient be-
haviour of the fluid inside the storage tank, evaluating the long-
term variation of its mean temperature and the heat losses to
the environment. According to this objective, and considering
the problem defined, a simplified mathematical model is here-
after explained.
(a)

(b)

Fig. 10. Comparison with numerical results for two illustrative cases: (a) Ra =
2.36 · 1012, Û = 1.274 and (H/D) = 2; (b) Ra = 9.5 · 1012, Û = 8.224 and
(H/D) = 3.45.

5.1. Basic mathematical formulation

For the model, the fluid inside the tank is at a mean tempera-
ture T ; thermophysical properties are constant, evaluated at the
average temperature between the initial temperature of the fluid
and the ambient; heat losses have been modelled by an overall
heat transfer coefficient between the inner walls and the ambi-
ent (U ) and; the energy storage capacity of the solid walls has
been neglected. Under these conditions, the transient evolution
of the mean fluid temperature can be evaluated as:

ρcp

∂T

∂t
Ω = −

∫
∂Ω

−→̇
q · d−→

S = −Q̇loss (20)

Eq. (20) expresses that the transient variation of the mean tem-
perature of the fluid equals the energy losses through the top,
bottom and lateral walls expressed by Q̇loss. The heat losses
through the walls can be evaluated as:

Q̇loss = h(T − T w)S = U(T w − Tenv)S (21)

Thus, Eq. (20) reads:

ρcp

∂T̄

∂t
Ω = −

(
UhS

U + h

)
(T − Tenv) (22)

The global model represented by Eq. (22) can be easily in-
tegrated mathematically or numerically. The main problem of
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these kinds of global models is the lack of empirical data (or
correlations) of the transient heat transfer coefficient to feed
them properly. Hereafter, the correlation for the Nusselt num-
ber obtained in previous section has been used to feed-back the
global model.

5.2. Resolution methodology

As has been commented, the objective of the analysis is
twofold: to characterise the cooling process of the fluid and
to predict the behaviour of the mean fluid temperature and the
heat losses to the environment. The resolution of both, the tem-
perature and the heat losses, is summarised by means of the
application of the thermodynamic global model represented by
Eq. (22). From the model, it is possible to evaluate the transient
evolution of the mean fluid temperature in the storage tank, by
using the correlation proposed in previous section for the tran-
sient Nu (Eq. (17)). Thus, the heat transfer coefficient at any
instant can be evaluated as:

h = Nuk

H
= 4.58τ−0.1685Ra0.0686(H/D)0.53Û0.1981 k

H
(23)

The above expression can also be written in a general form as:

h = Πtn (24)

where

Π = 4.58Ra0.0686(H/D)0.53Û0.1981 kα−0.1685

H 0.663
(25)

n = −0.1685 (26)

Substituting Eq. (24) in the global balance (Eq. (22)), the
transient mean fluid temperature can be calculated as:

dT

dt
= − 1

ρcpΩ

UΠtn

U + Πtn
(T − Tenv)S (27)

The differential equation (27) can be integrated for the initial
conditions (t = 0, T = T0) giving:

T = Tenv + (T0 − Tenv) exp

(
−

t∫
t=0

S

ρcpΩ

UΠtn

U + Πtn
dt

)
(28)

The analytical solution of the integral term in Eq. (28) gives
as a result the first hypergeometric function which its regular
solution involves an infinite series expansion in factorial nota-
tion [25]. Thus, in order to obtain the transient evolution of the
temperature of the fluid, a numerical integration of the above
equation could be computationally less expensive. This can be
done by approximating the integral term as a summation, giv-
ing:

T = Tenv + (T0 − Tenv) exp

(
−

N∑
k=1

S

ρcpΩ

UΠtnk

U + Πtnk

�t

)
(29)

where

tk = �t

2
+ (k − 1)�t and N = t

�t
(30)

The results obtained by means of the numerical integration of
Eq. (29), and the correlation proposed for the mean temperature
(Eq. (19)), have been compared with the data from numeri-
cal simulations (see Fig. 10 (a) and (b)). Cases plotted in both
figures have been selected as illustrative results. These cases
correspond to: Ra = 2.36 · 1012, Û = 1.274 and (H/D) = 2 for
Fig. 10(a) and to Ra = 9.5 ·1012, Û = 8.224 and (H/D) = 3.45
for Fig. 10(b). The numerical integration of Eq. (29) has been
carried out by using time steps of �t = 100 s. Smaller time
steps have also been tested, but differences between results
were not significant. As can be observed, the mean tempera-
ture evaluated from Eq. (29) and the correlation (19) agree quite
well with numerical results. Maximum differences have been
obtained at the final instants of the cooling process, where Nu
correlation obtained gives the highest discrepancies.

Once the temperature evolution is known, the heat losses of
the fluid from the initial instant (t = 0) to any time of the cool-
ing process can be evaluated as:

Q̇loss
t=0→t = cp(T0 − Tenv)

×
[

1 − exp

(
−

t∫
t=0

S

ρcpΩ

UΠtn

U + Πtn
dt

)]
ρΩ (31)

where the integral term is approximated numerically as:

Q̇loss
t=0→t = cp(T0 − Tenv)

×
[

1 − exp

(
−

N∑
k=1

S

ρcpΩ

UΠtnk

U + Πtnk

dt

)]
ρΩ (32)

where tk and N are evaluated as in Eq. (30).
The methodology for the evaluation of the cooling process of

a fluid under heat losses to the ambient by means of the global
model is summarised as follows:

(1) Define the case and evaluate the relevant parameters Ra, Û

and H/D.
(2) Evaluate the value of the constant Π by means of Eq. (25).
(3) Solve numerically Eq. (29) from t = 0 to any instant t of

the cooling process and obtain the mean temperature.
(4) Evaluate heat losses through the tank walls from t = 0 to

any instant t of the cooling process, by solving numerically
Eq. (32).

In order to evaluate heat losses at any instant:

(1) Evaluate mean Nusselt number from Eq. (17) at the time of
interest.

(2) Evaluate the superficial heat transfer coefficient by

h = Nu
k

H
(33)

(3) Solve numerically Eq. (29) from t = 0 to any instant t of
the cooling process and obtain the mean temperature.

(4) Evaluate instantaneous heat losses to the ambient as:

Q̇loss = Uh

U + h
(T − Tenv)S (34)
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(a)

(b)

Fig. 11. Comparison between numerical experiments and results from the
global model. H/D = 2.77; Ra = 2.87 · 1012; Û = 2.59. (a) Mean transient
temperature. (b) Cumulative heat losses.

5.3. Verification of the global thermodynamic model

With the objective of verifying the scaling relations ob-
tained in the working range studied, a new set of cases has
been selected. This new set of cases accounted for tank vol-
umes of: Ω = 0.16, 0.3 and 0.5 [m3], with aspect ratios of:
H/D = 2.05, 2.77 and 3.2. The insulation of the tank has
been set to δins = 0 and 2.5 cm. For these cases, initial tem-
perature of T0 = 65 ◦C and external heat loss coefficient of
hext = 10 W/m2 K have been imposed. Ambient temperature
and properties of the insulation material have also been var-
ied. Ambient temperatures considered have been of Tenv = 15
and 20 ◦C, while polyurethane insulation material has also been
considered. All the selected cases were within the range studied
for the relevant parameters (Ra, Û , H/D) except one, which
exceeded slightly the maximum Ra number considered in the
correlations.

In Figs. 11 and 12 some of the results obtained with the set
of cases are shown. In the figures, the cumulative heat losses
through the tank walls and the mean fluid temperature estimated
are compared with the results of the numerical simulations. For
all cases, maximum and relative errors for the mean tempera-
ture and cumulative heat losses predicted by the global model
have been computed. A good prediction of both quantities has
been obtained. Major discrepancies have been obtained for the
cases with the highest non-dimensional overall heat transfer co-
(a)

(b)

Fig. 12. Comparison between numerical experiments and results from the
global model. H/D = 2.05; Ra = 4.9 · 1012; Û = 20.12. (a) Mean transient
temperature. (b) Cumulative heat losses.

efficient. In these situations, maximum error for the cumulative
heat losses and temperature have been of 10 and 3.8%, respec-
tively, while the mean relative errors have been of 3.9 and 2.8%.
In most of the cases tested, the maximum error obtained has
been below 5% for the cumulative heat losses.

From this analysis, it can be observed that the proposed
methodology, together with the correlations for the mean fluid
temperature and Nusselt number, have a good behaviour within
the range of the relevant parameters studied. The predicted re-
sults have been shown to be within an acceptable error tolerance
considering the limitations of these global models. All the cases
studied have been in the range of application for domestic hot
water storage tanks. Although this is a wide range, the use of
these correlations outside the limits considered could fail. In or-
der to extrapolate the current results beyond this range, further
studies would be necessary.

6. Conclusions

The transient process of cooling-down a fluid initially at rest
by heat transfer through the walls and insulation material has
been investigated numerically.

In order to describe the long-term behaviour of the fluid
inside the storage tank, a global prediction model has been pro-
posed. In the model, the transient behaviour of the fluid has
been represented by the mean fluid temperature and the global
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heat losses through the walls. In order to characterise these heat
losses, a non-dimensional analysis has been carried out. This
analysis has led to the identification of the significant param-
eters that define the transient natural convection phenomena
inside the storage: the Rayleigh number Ra, the aspect ratio
H/D, and the non-dimensional overall heat loss coefficient im-
posed by the boundary conditions of the problem under study.
Negligible influence of the Prandtl number variations (Pr), has
been observed within the range considered.

A parametric study consisting of 42 different transient sit-
uations has been performed with the aim of finding the cor-
relation that describes the transient behaviour of the Nusselt
number. Variations on the different relevant parameters have
been taken into account. The situations considered in the study
have been within the working range for domestic hot water ap-
plications. The average Nusselt number at each instant of all
numerical simulations, have been fitted to a scaling relation pro-
posed in terms of the identified relevant parameters. The non-
dimensional heat transfer coefficient (Nu) is well represented
by the correlation obtained, being maximum relative errors be-
low 12%.

It has been shown that the global thermodynamic model
together with the non-dimensional heat transfer coefficient cor-
relation proposed is capable of quantify the heat losses to the
ambient and predict the transient behaviour of the fluid temper-
ature inside the tank, being in good agreement with numerical
results obtained. This model provides a mean of evaluating and
predict the transient cooling process of the fluid, with low com-
putational effort and an accuracy within the limits of this kind
of simplified model approach. However, correlations such as
those developed should be applied with due regard outside the
range of significant parameters on which they rest.
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